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In this paper, we give precise estimates of the exponent of convergence of the zero 
sequence of solutions for the linear differential equation 
,/‘k’+okm,f’k-‘)+ .‘. +a,/= P,e”‘, 
where oa, . . . . ok ,, P,, P, P 0 are polynomials such that k > 1. 
deg a,. 
degP,>l+ max A. (1) 
LC,Sl i 
In addition, we also obtain general estimates of the exponent of convergence of the 
zero sequence of solutions for the above equation under the restriction contrary to 
(Ii. 1’ 1991 Academic Press. Inc 
1. INTRODUCTION 
For convenience in our statement, we first explain the notations used in 
this paper. We denote the exponent of convergence of the zero sequence of 
a meromorphic function g(z) by A(g), the exponent of convergence of the 
sequence of distinct zeros of g(z) by A(g), and the order of growth of g(z) 
by o(g). In addition, other notations of function theory are standard; 
unusual notations are defined when they appear. 
The complex oscillatory problems of the non-homogeneous linear 
differential equation 
f’kL+akp,f(k-“+ ... +a,f =F (1.1) 
are a very important aspect of the complex oscillation theory of differential 
equations, which has been an active research area recently. Just lately. 
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using the method of asymptotic integration Gao Shi-an proved the 
following in [2] (see Theorem 4 in [2] ): 
THEOREM A. Consider the equation 
f” + a,f= P, efa, (l-2) 
where a,, P,, P, f 0 are polynomials such that deg a,, = n, deg PO < 1 + n/2. 
(a) If deg P, < n, then every solution f of (1.2) satisfies 
l(f)=/I(f)=o(f)= 1+;. (1.3) 
Zf deg P, > n, then the solution of (1.2) either satisfies (1.3) or is of the form 
f = QePo, where Q is a polynomial. And tf (1.2) has a solution of the form 
QePo with Q a polynomial, then (1.2) must have solutions -which satisfy (1.3). 
Remark. If a,, . . . . ak- I) Fare entire, it is easy to show that all solutions 
of (1.1) are entire, too (see [2,6]). 
I. Laine showed, in [6], that there exists at most one exceptional solu- 
tion of the form Qepo . m Theorem A(b), and deg Q = deg P, - n, and using 
the Wiman-Valiron theory, the author generalized Theorem A to higher 
order equations. He proved the following Theorem B and Theorem C (see 
Theorem 3.1 and Theorem 3.2 in [6]): 
THEOREM B. Let a,,, P,, P, $0 be polynomials such that deg a,, = n, 
deg P, < 1 + n/k. Consider the equation 
fck’+a,f = P,ePo, k > 2. (1.4) 
(a) Zf deg P, < n, then all solutions of (1.4) satisfy 
J(f)=X(f)=a(f)= 1+;. (1.5) 
(b) Ifdeg P, > n, then, apart from one possible exception, all solutions 
satisfy (1.5). The possible exceptional solution is of the form f0 = QePo, where 
Q is a polynomial of degree deg Q = deg P, - n. 
THEOREM C. Let a,, . . . . ak-, , PO, P, f 0 be polynomials such that 
dega,=n, degP,=/?<I+n/k, dega,-,</I-1, and degakPj<j(/?-1) 
for j = 2, . . . . k - 1. Consider the equation 
f’k)+ak-,f(kpl)+ ... +a,f=P,erO. (1.6) 
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(a) [f deg P, <n. then all solutions ?f (1.6) sati@jq 
A(f) = L(f) = a(f) = 1+;. 
(b) If deg P, >, n, then, apart from one possible exception, all solutions 
satisfy ( 1.7). The possible exceptional solution is of the from-f0 = QePo, n,here 
Q is a polynomial of degree deg Q = deg P, - n. 
A question is naturally posed: If deg P,, > 1 + n/k, how distributive are 
the zeros of solutions of ( 1.2), ( 1.4), and ( 1.6)? Under more general condi- 
tions, Gao Shi-an proved only the following in [Z] (see Theorem 3 in [Z] ): 
THEOREM D. Let a,,, . . . . ak -2, P, be polynomials such that k 2 2. 
degP,>l+ max 
deg ak ~-I 
?Ci<h .i ’ 
Then every solution of 
flk'+a 
k 2 
~ ffkp2)+ . . . +a 
0. 
f=ePo 
possesses infinitely many zeros. 
In this paper, we first generalize Theorem D and obtain precise estimates 
of the exponent of convergence of the zero sequence of solutions for the 
equations which are of the form (1.6). Second, under the condition 
contrary to that in Theorem D, i.e., 
degP,dl+ max deg ak -J 
l<JCk i ’ 
we give the general estimates of the exponent of convergence of the zero 
sequence of solutions for the equations which are of the form (1.6). 
The author acknowledges helpful discussions with Professor I. Laine. 
2. THEOREMS 
In detail, we prove the following two results in this paper: 
THEOREM 1. Let a,(z), . . . . akp 1(z), P,(z), P,(z) $0 be polynomials such 
that k2 1, deg Po=m, 




Consider the equation 
ffk)+ak-,ffkpl)+ . . . +a,f= P,ePO. (2.2) 
(a) If deg P, < k(m - 1 ), then all solutions of (2.2) satisfy, 
n(f)=L(f)=a(f)=m. (2.3) 
(b) If deg P, > k(m - l), then all solutions of (2.2) satisfy (2.3) with 
one possible exception. The possible exception is of the form fO = QoePo, 
where Q, is a polynomial of degree deg Q, = deg P, - k(m - 1). 
THEOREM 2. Let so(z), . . . . akpl (z), P,,(z), P,(z) $0 be polynomials such 
that k> 1, 
degP,dl+ max dega,-j. 
L<j<k .i ’ 
then, for all solutions of (2.2), a(f) and n(f) are rational numbers satisfying 
deg P, < o(f) < 1 + max deg ak -j 
Lgj<k .i ’ 
A(f)=J(fh (2.5) 
and 
(a) If a(f) > deg P,, then A(f) = X(f) = o( f ), and their possible 
values coincide with the possible orders (> deg PO) of growth of solutions of 
the corresponding homogeneous differential equations of (2.2). Therefore, 
they can be worked out by applying the Wiman-Valiron method to the 
corresponding homogeneous differential equation of (2.2). 
(b) If a(f) = deg P,, then we need to consider the equation yielded by 
substituting f = Qepo into (2.2), 
Q(k’+bk-lQ(k--“+ ... +b,Q=P,, (2.6) 
with b,, . . . . b,- , polynomials. In this case, either f is of the form Q0 epo, with 
Q, a po&tomial which is the polynomial solution of (2.6) (if it has one or 
some) or l/k < A(f) = x(f) = o(Q) < deg PO, where Q is the transcendental 
solution of (2.6) such that o(Q) < deg PO (tf it has one or some), and 
o(Q) can be worked out by applying the Wiman-Valiron method to the 
corresponding homogeneous differential equation of (2.6). And I$ the 
corresponding homogeneous differential equation of (2.6) has no polynomial 
solutions, then (2.2) has at most one solution which is of the form Qoefo. 
It is not difficult to check that Theorem A, Theorem B, and Theorem C 
are corollaries of Theorem 2. 
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In Section 6, we give examples to show that the estimates in Theorem 1 
are sharp and solutions of the form QoePo can appear in Theorem 2(b). 
3. PRELIMINARY RESULTS NEEDED FOR THE PROOFS OF THE THEOREMS 
The following Theorem E is from Theorem l(a) in [2] 
THEOREM E. Let a,,(z), . . . . a,-,(z), F(z) $0 be polynomials and ka 1. 
Then all solutions of (1.1) satis~v A(f) = x(f) = a(f). 
LEMMA 1. Let F(r) and G(r) be nondecreasing functions on (0, a) such 
thar F(r) 6 G(r), r$ E, SE dr/r = log 6 < +cc. Then, for any constant a > 6. 
F(r) < G(ar) holds for all r E (0, w). 
Proof: log ar - log r = log a > log 6 = SE dr/r shows that (r, ar) - E # @ 
for arbitrary r E (0, cc ). By taking r’ E (r, ar) - E, we have F(r’) < G(r’). 
Now, it easily follows from the nondecreasing assumption that 
F(r) < F(r’) < G(r’) < G(ar). 
The following Lemma 2 is from Lemma 4 (of H. Wittich) in [ 11. 
LEMMA 2. Let g be a solution of the differential equation 
g’k’+akmm,g(k-l’+ ... +a,,g=O (3.1) 
with a,, . . . . ak _ 1 polynomials and k 2 1. Then g is entire qf order 
O(g) < 1 + max de ak -J 
L<jGk j 
LEMMA 3. Let a,(z), . . . . ak _ L(z), F(z) $0 be polynomials and k > 1. Then 
the set of possible orders of growth of the transcendental solutions of (1.1) 
and the set of possible orders of growth of the transcendental solutions sf 
(3.1) are identical and consist of at most k rational numbers greater than or 
equal to l/k. 
Proof Let f(z) and g(z) be respectively the transcendental solutions of 
( 1.1) and (3.1). Denote respectively the central index of f(z) and that of 
g(z) by l?(r) and vg(r), r= 1~1. It is well known that vi(r) + CC and 
vJr) -+ uz as r -+ CC. And denote the highest degree term in a,(z) by A,z”‘I, 
j = 0, . . . . k - 1. From Wiman-Valiron theory (see [7, 3,4, 5]), we have 
basic formulas 
(3.3) 
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where I4 = r, If(z)1 = M(r, f), r $ E,, SE, dr/r < +a~, I&j(z)1 c D,(vf(r))Pdl, 
6, >O, and 
g”‘(Z) -= ( ) Qc! ‘(1 +&i(z)), g(z) = (3.4) 
where IzI = r, Ig(z)l =M(r, g), r$ E,, SE2 dr/r < +GC, 1$(z)/ < DZ(vg(r))-s2, 
6, > 0. Considering that M(r, f) increases more rapidly than any rk, and 
substituting respectively (3.3) and (3.4) into (1.1) and (3.1), we obtain 
k-l 
(\7(r))kzPk( 1 + qk(z)) + 1 Aj(vf(r))jzm/-‘( 1 + vi(z)) = 0, (3.5) 
j=O 
k-l 
(v,(r))“zPk( 1 + q;(z)) + C A,(v,(r))jz~-‘( 1 + q;(z)) =O, (3.6) 
j=O 
where Iqj(z)l ~D(v~~~+r-~), jqJz)l ~D’(v;~*+r~‘). Since the solutions 
of an algebraic equation are continuous functions of the coefficients, v/(r) 
and vJr) are both asymptotically equal to the solutions of the equation 
k-l 
(v(r))kz pk + 1 Aj(v(r))‘zT-j=O. (3.7) 
j=O 
From the reasoning in [7, pp. 106-1081, for sufficiently large r we have 
(3.8) 
where a, and a2 are constants, pr and pz are rational numbers, and the set 
of possible values of p, and the set of possible values of pr are identical and 
consist of at most k rational numbers greater than or equal to l/k. But by 
(3.8) and Lemma 1, it is easy to get a(f)=p, a(g)=p,, and, say, 
loi2 vf(r) a(f)= lim sup-= log vf(r) 
r-m log r ,l~y-&y’Pl. 
Thus, Lemma 3 is proved. 
LEMMA 4. Let a,(z), . . . . a&,(z), P,(z), P,(z)?%0 be po1ynomiu1.s and 
k 2 1. Zf (2.2) has a solution such that a(f) > deg PO, then 
degP,<l+ max 
deg a, -, 
l<j<k j 
must hold and a(f) is a rational number, and the possible values of a(f) 
coincide with the possible orders of growth of solutions of (3.1) greater than 
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deg PO; therefore, they can be worked out by applying the Wiman-Vu/iron 
method to (3.1) and 
deg PO -C o(f) d 1-f max deg ok -., 1 <j<k .i 
is satisfied. 
Prooj Let f(z) be a solution of (2.2) such that a(f) > deg P,. From the 
Wiman-Valiron theory, we have basic formula (3.3). In addition, 
g(f) < -+-CC by [2, Lemma 21. Now, for a given E, 0 <E < a(f) - deg PO, 
there exist infinitely many r, with log M(r,, f) > r:“‘-‘. Setting 
k:f/r = log 6, th ere exists a point rl E [ri, (6 + 1) r,] such that (3.3) holds 
,r:)bll)br 
logM(r:,J‘)~logM(rj,f)>r~“~‘-&> _ (8 + 1 p”’ 
So at such points r: for sufficiently large i 
P,ePo 1 I - = o((ri)-‘) f 
holds. Therefore, at such points rl for sufficiently large i, (3.5) holds. Since 
the solutions of an algebraic equation are continuous functions of the 
coefficients, the values of v,.(r) are asymptotically equal to the values of a 
solution of (3.7) at such points r:. Thus, 
v,-(ri) w cr,(ri)“‘, (3.9) 
where cr, and p, are constants and the possible values of p, should coincide 
with the possible orders of growth of transcendental solutions of (3.1). 
which is the homogeneous equation of (2.2) (from the reasoning in 
Lemma 3). But Lemma 2 gives 
pldl+ max deg ak -, 
On the other hand, differentiating (2.2) gives 
J ‘k+“+ak- ,f’k’+(a;_,+a,_,)/‘k~“+ ... +abf 
= ( > F+Pb P,ePO I 
a,-,f'k-"+ ." +a,f). 
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Thus, f also satisfies the following linear differential equation with rational 
coefficients: 




So by the reasoning in [7, pp. 106-1081, for sufficiently large r we have 
vf(r) - u2rp2, r#El, (3.11) 
with CY~ a constant, pz a rational number. But by (3.9) we have 
a,(ty’ - Crz(r;p, 
so a, = c1*, p1 = pz must hold, Moreover, from (3.11) and Lemma 1 we get 
a(f) = pz. Now by combining this and (3.10) all conclusions in this lemma 
are made clear. 
4. PROOF OF THEOREM 1 
It is easy to see that e(f)>deg P,, from (2.2). But by (2.1) and 
Lemma 4, a(f) > deg P, is impossible. So we must have a(f) = deg P,, = m. 
If we set f = QePo, it is easy to know from (2.2) that Q satisfies 
Q(k)+bk-lQ(k-“+ ... +b,Q= P,, (4.1) 
with b,(z), . . . . bk _ 1(z) polynomials. Thus, we have by Theorem E 
~(Q,=~(Q,=x(Q,=n(f,=x(f,. (4.2) 
To work out e(Q), we need bj(z) in more detailed form. It is easy to check 
by induction that we have for p 2 2 (see [6]) 
f”‘=(Q’~‘+pPbQ’P-L’+ i (C~(P~)j+Hj-,(P;))Qcppj))epo, (4.3) 
j-2 
where H,- ,(P&) are differential polynomials in Pb and its derivatives of 
total degree j- 1 with constant coefficients. It is easy to see that the 
derivatives of Hjp,(Pb) with respect to z are of the same form HjpI(Pb). 
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Equations (2.2) and (4.3) give 
+ 2 Un-~~i+j(C:-j+,(Pb)-‘+ HjpI(Pb))3 i = 2, . . . . k, uk = I, 
,z? 
h,-,=akm,+kPh. (4.4 1 
It is easy to get from (2.1) and (4.4) that 
degb,-;=i(m- l), i = 1. . . . . k. (4.5 ) 
With standard Wiman-Valiron methods applied to the corresponding 
homogeneous differential equation of (4.1), it follows from (4.5) and 
Lemma 3 that o(Q) =m if Q is transcendental. Thus, (4.2) and o(f) = m 
give (2.3). 
If now deg P, < k( m - 1 ), (4.5 ) and comparison of term degrees result in 
the nonexistence of polynomial solutions in (4.1). So Theorem l(a) holds. 
Moreover, if deg P, >, k(m - l), then (4.1) may have polynomial solu- 
tions of degree deg P, - k(m - 1). Clearly, the corresponding homogeneous 
differential equation of (4.1) has only transcendental solutions from (4.5 ). 
Let G,(z), . . . . Gk(z) be its k linear independent solutions. If (4.1) has a 
polynomial solution Qo, then all solutions of (4.1) are of the form 
Q=C,G,+ ... +CkGk+Qo, 
with C, arbitrary constants. Therefore, the other solutions of (4.1) are all 
transcendental. So Theorem l(b) holds, too. 
5. PROOF OF THEOREM 2 
Inequality (2.4) follows from (2.2) and Lemma 4. 
Setting f = QePo, we have (4.1) and (4.2) equally, and so (2.5) follows. 
If a(f) > deg P,, we get o(f) <g(Q) from o(f) 6 max{a(Q), deg P,,}. 
On the other hand, we also get o(Q) < max{a(f), deg P,) = a(f) from 
fe;Ea’. Thus, o(f) = c(Q). Then, Theorem 2(a) holds from (4.2) and 
If o(f) = deg P,, then (4.1), i.e., (2.6), may have a polynomial solution 
Q,. And if the corresponding homogeneous differential equation of (4.1) 
has no polynomial solutions, i.e., has only transcendental solutions, then 
(2.2) has at most one solution, which is of the form QOefo by the same 
reasoning as in that the proof of Theorem l(b). On the other hand, for the 
transcendental solution Q of (4.1), by Lemma 3, a(Q) is a rational number 
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greater than or equal to l/k, the possible values of which can be worked 
out by applying the Wiman-Valiron method to the corresponding 
homogeneous differential equation of (4.1). Moreover, we have A(f) = 
K(f) = a(Q) from (4.2). Now, Theorem 2(b) is proved. 
6. EXAMPLES 
The following Example 1 and Example 2 show that the estimates in 
Theorem 1 are sharp. 
EXAMPLE I. f=(z+ l)exp(z2) solves f”+f’-6zf =(4z3+2z+3) 
exp(z2), which satisfies 
degP,>l+ max 
deg ak -j 
I<j<k j 
(6.1) 
and deg P, > k(m - 1). But by the method of undetermined coefficients, it 
is easy to check that f” + f’ - 6zf = (3z3 + 2z + 3) exp(z*) has no solutions 
which are of the form QO exp(z’) with Q, a polynomial. 
EXAMPLE 2. f = exp(z2) solves f” + f’ + zf = (4z2 + 32 + 2) exp(z2), 
which satisfies (6.1) and deg P, = k(m - 1). But by the method of undeter- 
mined coefficients, it is easy to check that fN + f’ + zf = (4z2 + 32) exp(z*) 
has no solutions which are of the form Q. exp(z”) with QO a polynomial. 
For the case 
degP,<l+ max deg ak -, 
I<j<k j ’ 
there may exist solutions which are of the form Qoefa with Q. a polyno- 
mial in Theorem 2(b). These can be found in Theorem 4 and its examples 
in [Z]. Here, we only give an example which satisfies 
deg PO = 1 + max 
deg ak-j 
1 GJ4k j . 
(6.2) 
EXAMPLE 3. f = (z + 2) exp(z*) solves 
f”-4zZf= (62+4) exp(z*), (6.3) 
which satisfies (6.2). Let its corresponding homogeneous differential equa- 
tion have a solution which is of the form Q exp(z2). Then, Q satisfies 
Q” + 4zQ’ + 2Q = 0, (6.4) 
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i.e., it is just the corresponding homogeneous differential equation of (2.6). 
If Q is a polynomial, i.e., Q = A,,?” + FI,~- ,z”- ’ + . . + A,, A, # 0, then 
we have 4m + 2 = 0 from (6.4). But that is impossible. Thus, (6.4) has no 
polynomial solutions. By Theorem 2(b), (6.3) has only one solution which 
is of the form QoePO with Q,, a polynomial. Set 1’ 5 c?, where v is the cen- 
tral index of Q. By applying the Wiman-Valiron method to (6.4), we can 
work out Y= -4, p=2, 2 = ir. Thus, the other solutions of (6.3) satisfy 
A(f)= A(f) = 2 = a(f) without any exception from Lemma 3, (4.2), and 
(2.4). 
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